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Abstract 

In the setting of abstract Markov maps, we prove results concerning the con¬ 
vergence of renormalized Birkhoff sums to normal laws or stable laws. They apply 
to one-dimensional maps with a neutral fixed point at 0 of the form x + for 

a £ (0,1). In particular, for a > 1/2, we show that the Birkhoff sums of a Holder ob¬ 
servable / converge to a normal law or a stable law, depending on whether /(O) = 0 
or /(O) 7 ^ 0. The proof uses spectral techniques introduced by Sarig, and Wiener’s 
Lemma in non-commutative Banach algebras. 


1 Introduction and statement of results 


1.1 Introduction 


Recently, general methods have been devised to prove the Central Limit Theorem for the 
Birkhoff averages of mixing dynamical systems. More precisely, if T : X —A is a map 
from a space to itself preserving a probability measure v, and / : X —> M is a function 
with zero average, we say that the Central Limit Theorem (CLT) holds for (T, v, f) if 
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the convergence being in distribution (with respect to the measure z/). 
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To prove this kind of results, the hrst step is often to show that the correlations Cor(/, f o 
T”) = / / ■ / o du are summable. Then one may use this to construct a reverse 
martingale, for which the CLT is known to be true. Clearly, when the correlations are 
not summable, this method does not work. 


In this paper, we will be interested in cases where T has a neutral hxed point (or in the 
Markovian analogues of this situation), where the classical methods to estimate the decay 
of correlations do not work (however, Hu recently announced a proof of the summability of 
the correlations S). We will prove that in some cases, the CLT still holds. Moreover, in 
situations where it does not hold, we will show that there are other limit laws appearing, 
namely stable laws, even when the function / is arbitrarily smooth, for example C 
analytic. This kind of result has been announced by Fisher and Lopes (see 
references therein) for piecewise linear maps. 


or 

and 


Our main results (Theorems |1.1| and |1.2|) will be stated in the context of abstract Markov 


maps. Applications to one-dimensional maps are then given: if a map has a neutral hxed 
point at 0 of the form x + with a G (1/2,1) and is expanding elsewhere, then the 
Birkhoff sums of a Holder observable / converge to a normal law or a stable law depending 
on whether /(O) = 0 or /(O) ^ 0. Applications are also given for other types of neutral 
hxed points, and for unbounded observables, for example leading to new results even 
in the case a G (0,1/2) (see also [|Rau02|| in this case, where he studies the decay of 
correlations for non Holder observables). 

The philosophy of the method is that, if it is possible to induce on a subset Y of the space 
so that the induced map is uniformly expanding, then the behavior of the Birkhoh sums 
/(T*x) is in fact dictated by the behavior on Y of the Birkhoh sums fyiTyx), 
where Ty = is the induced map on Y [ip is the hrst return time), and fyi^) = 
/(T*a;). As convergence to normal laws or stable laws is known in the uniformly 
expanding case (see |[ADU1|| for example), we get the same kind of results in our nonuniform 
setting. 


1.2 The result for Markov maps 

1.2.1 Definition of Markov maps 


A Markov map is a non-singular transformation T of a Lebesgue space {X, B, m) of hnite 
mass, together with a measurable partition a of X such that if a G a then m(a) > 0, 
Ta is a union (mod m) of elements of a, and T ■. a ^ Ta is invertible. Moreover, it is 
assumed that the completion of VcT T~'^a is H, i.e. the partition separates the points. 

A Markov map is said to be topologically mixing if Va, b ^ a, 3N, Vn ^ N,b <Z T'^a. This 
corresponds to topological mixing for the topology dehned by the cylinders [oq, ..., an_i] = 
nr=o^ (where Oq, ..., a„_i G a). 


For these dehnitions, see for example [|ADU93|, |Aar97|] or ||Sar02| 
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If 7 C a is a subset of the partition a, and Y = lJae 7 induced map Ty '■ Y ^ Y 

is defined as the first return map from Y to Y, i.e. Ty = , where <py{x) = inf{n ^ 

1 I T”(a;) G F} is the return time to Y. Let 5 = {[a, ..., Y] | a G 7 , ..., G 

a — 7 , [a, .^ 1 , y] 7 ^ 0}: this is a partition of Y, for which Ty is a Markov map (with 
the measure my = m\y). The cylinders for this partition will be denoted by [do, • • •, di_i]y 
(with do,, d;_i G d). If d = [a, .^ 1 ,..., y] ^ d, its image is Tyd = T^^-i H F - 
hence, it is 7 -measurable. 

For x,y G F, we will write s{x,y) for the separation time of x and y under Ty, i.e. 
s{x,y) = inf{n G N | TyX and Tyy are not in the same element of d}. This separation 
time is extended to the whole space X\ for x,y & X, let x' and y' be their first returns 
to F. If T*a; and T^y stay in the same element of the partition a until the first return to 
F, set s{x,y) = s{x',y') + 1. Otherwise, s{x,y) = 0. 

If d < 1, we will say that a function f on Y (resp. X) is locally d-Holder if there exists 
a constant C such that 'ix,y G F (resp. X) with s{x,y) ^ 1, we have \ f{y) — f{x)\ ^ 
The smallest such constant is called the d-Holder constant of /. In fact, slightly 
abusing notation, we shall say that a measurable function is locally d-Holder if there exists 
a locally d-Holder version of this function. 

The transfer operator Ty^ssociated to Ty and acting on int^rable functions is dehned by 
J f -{goTy) dmy = JiTyf) ■ gdmy. It can be written as Tyf{x) = ETyj/=rr W (d)/(d), 
where the weight g^y is dehned by g^y = om^oTy ’ inverse of the Jacobian 

of Ty. We will say that the distortion is locally Holder if loggmy is locally d-Holder for 
some d < 1 . 

Finally, we will say that Ty has the big image property if there exists a constant 7 > 0 
such that Vd G d, m[Tyd] ^ rj. This is in particular the case when the partition 7 is hnite. 


1.2.2 Main results 

For the following theorems, (X, B, T, m, a) will be a topologically mixing probability pre¬ 
serving Markov map. We assume that 7 C a is such that the induced map Ty on 
F = lJae 7 ® ^ locally d-Holder distortion for some d, and that it has the big image 

property. The function cp = py will denote the return time from F to itself. 

We will write I{X,Y) for the set of functions / : X —M which induce “nice” functions 
on F. More precisely, / G /(X, F) if 

1. VX G N, there exist constants Cn and 0 < dAr < 1 such that, on Fat = 

we have |/| ^ Cn and, iix,y E Yn satisfy s{x, y) ^ 1, then \f{x) — f{y)\ ^ Cn0^n^'^\ 

2. Writing fy{x) = fiT^x) for the map induced by / on F, there exists d < 1 

such that Ede^ T{d)m[d\D 0 fy{d) < 00 , where Defyi^d) is the least d-Holder constant 
of fy restricted to the element d of the partition S. 
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Note that, increasing 6 if necessary, we can assume that the distortion of Ty is ^-Holder 
and that ^ same 9 < 1. 

For example, if / is bounded and locally 6'-Holder, and the induced map fy is also locally 
6'-Holder, then these conditions are satisfied (note that = m{X) < 00 , by 

Kac’s Formula). The weaker conditions above are useful in the applications, for example 
to unbounded observables. 

Theorem 1.1 (Central Limit Theorem). Let f G I{X,Y) be integrable with f f dm = 
0 and let the induced function fy be in L^(dmy). 

Then there exists a constant cr^ ^ 0 such that ^ X]r=o^ f °T^ converges in distribution to 
a normal law Moreover, = 0 if and only if there exists a measurable function 

X : X ^ M satisfying / = y o T - x- 


For the next theorem, we will need the notion of stable law. The law of the random 
variable X is said to be stable if there exist i.i.d. random variables and constants 
G M and Bn > 0 such that 

1 


Br, 


X in distribution. 


In this case, we say that Xi is attracted to X. The stable laws are completely classified 
(see for example |[Fel66|| ) and depend on many parameters, the most important of which 
is certainly the index p G (0,2]. The case p = 2 corresponds to the normal law, while if 
p G (1, 2) the stable laws are in but not in Lf. In fact, for p G (0,1) U (1, 2), the index 
can be characterized as follows: there exist constants Ci ^ 0 and C 2 ^ 0 with ci + C 2 > 0, 
satisfying P[X > x] = (ci + o(l))a:“^ and P[X < —x] = (c 2 + o(l))a;“^. The case p = 1 
is problematic and will not be included in the following discussion. 

Following IIADOlf , for p G (0,1) U (1,2], c > 0 and j3 G [—1,1], we will denote by Xpc ,/3 


the law whose characteristic function is 

_ g-c|i|^(l-i/3sgn(ptan(^)) 


This is indeed a stable law of index p. When p G (1, 2], it is centered, i.e. Xp^cp is of zero 
expectation. Note that, when p = 2, the value of (3 is irrelevant. 

We recall also that a function L : (0, 00 ) —>• M is slowly varying if Vx > 0, lim^^^oo ~ 
Then the random variables Y attracted to stable laws of index p can be described as follows 
( ||Fel66|| ): 


• For p G (0,1) U (1,2), P\Y > x] = (ci + o(l))a: ^L(a;) and P\Y < —x] = (c 2 + 
o{l))x~^L{x) for some Ci, C 2 ^ 0 with ci + C 2 > 0, and a slowly varying function L. 

• For p = 2, either Y G T^, or P[Y > x] = (ci + o{l))x~‘^l{x) and P[Y < —x] = 

(c 2 + o(l))x“^/(a;), for constants ci,C 2 ^ 0 with ci + C 2 > 0, and a slowly varying 
function I such that u~^l{u) is not integrable at +cx). In this case, we will write 
L{x) = ff (j, dPy (m), which is an unbounded slowly varying function. 
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When Y ^ if the normalizing constants Bn and An are dehned by 


nL{Bn) = Bl A 


0 0 < p < 1 

nEiY) 1 < p ^ 2 ’ 


then, writing Yo,Yi,... for independent random variables having the same distribution as 
Y, we have the convergence 


E n—1 

i=0 


Y-Ar 


B 


n 


A 


P>c,/3 


where 

f (ci + C 2 )r(l -p)cos(^) p e (0,1) U (1,2) o _ Cl-C2 
12 p = 2 Cl + C2 


In the deterministic case, if / G I{X,Y), we can consider the function fy on Y. Since 
m(Y) < 1, its distribution p (defined by p{A) = m{y G F | /y(p) G A}) is not a 
probability measure on M, but we can replace it by the modified distribution J1 = p + 
(1 — m[Y])6o. We will say with a little abuse of notation that the distribution of fy is 
attracted to a stable law if the distribution J1 is in the domain of attraction of this stable 
law. 


Theorem 1.2 (Convergence to stable laws). Let f G I{X,Y). Assume that the 
induced function fy on Y is not in L^, and that its distribution is in the domain of 
attraction of a stable law of index p G (0,1) U (1, 2], as described previously. 

Then ^ ^ converges in distribution to the stable law where An, Bn,p, c and 

[3 are as in the random case above. 


Note that, in Theorem El the constant depends on the interactions at different times 
between / and / o while in Theorem |1.2| , the limit distribution depends only on the 
initial distribution (of fy). 


1.3 Application to one-dimensional maps 


Our main theorems can be applied to one-dimensional maps with a neutral fixed point 
with prescribed behavior. For the sake of simplicity, we will restrict ourselves to a specihc 
case, but the results can in fact be proved for a wide class of maps. 


For 0 < a < 1, we consider the map from [0,1] to itself introduced in 
contains also historical references) and defined by 


LSV99II (this paper 


T{x) 


x{l + 2"a;“) if 0 ^ a; ^ 1/2 
2a;-1 if 1/2 < a; ^1. 


( 1 ) 


This map has a neutral fixed point at 0, and is expanding elsewhere. It is known that it 
has a unique absolutely continuous invariant measure dm, whose density h is Lipschitz 
on any interval of the form {e, 1] ( ||LSV99| , Lemma 2.3]). 
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For Holder observables on [0,1], Young ( [|You99|| ) showed that CoY{f,g o T”) = f f ■ g o 
dm — J fg dm = This rate is in fact optimal for a wide class of functions 

3ar02|| ). It implies a central limit theorem when a < 1/2. 


For a > 1/2, the above rate is not summable. However, extending the methods of Sarig, 
we showed in ||Gou02|| that, for functions / vanishing in a neighborhood of the hxed point 
and with zero integral, the correlations decay like which gives again a central 

limit theorem. For functions with zero average and equal to a nonzero constant in a 
neighborhood of the hxed point, the correlations decay exactly like 
which is not summable. 


GouU2|| ), 


Our main theorems yield (see also a list of other consequences after the proof of Theorem 

0 ): 


Theorem 1.3. Let 1/2 < a < 1, and T : [0,1] —> [0,1] be the corresponding Liverani- 
Saussol- Vaienti map (®. Let h be the density of its unique absolutely continuous invariant 
probability dm. Let / : [0,1] ^ R be Holder, and 'j-Hdlder on a neighborhood of 0 with 
7 > 17^- Assume also J f dm = 0 . 

Then, if /(O) = 0, there exists a constant ^ 0 such that tends in distribution 
to A/’(0, cr^). Moreover, = 0 if and only if there exists a measurable function x with 
f = X°T-x- 

///(O) 7 ^ 0 ; then converges in distribution to the stable law Yi/Q,^c,sgn(/(o)) with c = 


This result does not address the question of the summability of correlations for a function 
/ with /(O) = 0. Hu announced recently this summability ( ||Hu|| ), which gives another 
proof of the central limit theorem. 


Proof. We will assume that / is 7 -Holder on the whole interval [0,1], to avoid notational 
problems. 


■ 1 - 1 / 


n 


We construct a Markov structure, starting from xq = 1 and setting Xn+i = T 
[0,1/2]. The map T is then Markov for the partition composed of the (x„+i,x„),n e N. 
We will induce on Y = (1/2,1). The distortion control on the induced map is classical 
(see for example ||LSV99|| ), it remains to study the properties of / and /y. We will write 
s{x,y) for the separation time of x,y & [0,1] under the induced map Ty. 


As the induced map on Y is uniformly expanding, with a factor A > 1, we obtain \x — y\ ^ 
CX~^P’y\ As / is 7 -Holder, we get \f{x) — f{y)\ ^ D\x — y\'^ ^ E with 

9 = X~'^ < 1. Thus, / is bounded and locally Holder. 


To prove that /y is locally Holder for the separation time s, the argument is essentially 
the same, with some distortion. The induced partition for which the induced map Ty 
is Markov is composed of the intervals Jk that are mapped by T onto {xk,Xk-i). We 
know that the distortion of : {xk+i,Xk) —> (1/2,1) is bounded (see ||LSV99|] ), that 
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Xk ~ for C = and that \xk — Xk+i\ = ~ Thus, on 

{xk+i,Xk), we have (T*')' x \T^{xk+i,Xk)\/\{xk+i,Xk)\ x (the symbol a x 6 means 

here that the ratio a /6 is bounded from above and from below). We can assume without 
loss of generality that 7(1 + 1/a) < 1. Then, for x,y ^ J^, 


l/i-W - fvMl i l/W - f{y)\ + - r^p 

i=l 

X l/W - /(a)I + - ryp i: 



Thus, 

which is hnite when 7 > This proves that / G /(W, F). 

We assume now that /(O) = 0 and show that /y G T^(y, dm). We may suppose 
that 7 < a. As dm and dLeb are equivalent on F, it is sufficient to show that /y G 
L^(F, dLeb). If a; G J„, then for 1 ^ i ^ n — 1, T*a; G x„_j), whence |/(T*x)| ^ 

C|T*a;|'^ ^ C\xn-i[*. This implies that |/y(a;)| ^ \f{x)\+C Y,]Zl ^ C + C^'^Zl 
Hence, |/y| ^ on J„, with Leb(Jn) x Xn — Xn+i x l/n^’''^Z". Thus, /|/yp ^ 

C ZZ ~iTTjZ-- This is summable when 7 > a — |, which is implied by 7 > ^ 777 - We have 
proved that fy & LZ-, whence we can use Theorem 0 to conclude. 

We assume hnally that /(O) > 0 (the case /(O) < 0 is analogous). Writing / = /(O) + /, 
the previous estimate shows that fy^x) = /(T*x) G T^(F). Writing u{x) = kf{b) 

on Jfc, we have /y = /y + u on F, and 


m[M > kf{0)] = m 


00 


.fc+i . 


m(l/2,a;fc/2 + 1/2) ~ h(l/2)y ~ h{l/2)h,ak)-^/^. 


Thus, we obtain m[n > x] ~ 4 (»^^//('oF/^ = Adding /y G does not change 

the asymptotics since m[|/y| > x] = o(x“^) because fy G T^. We have proved that 
m[/y > x] = (ci + o(l))x“^ for p = 1/a. In the same way, we get m[/y < —x] = o{x~p)- 
This enables us to use Theorem [1.2|, which concludes the proof. □ 


We enumerate other consequences of Theorems 1.1 and 1.2 in other one-dimensional cases 
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1. For a G (0,1/2), the function fy is always in and the condition 7 > becomes 
empty. Thus, we get another proof of the classical central limit theorem, for any 
Holder function /. 

2. For a = 1/2, the condition on 7 is also empty, and we get the following result for a 
Holder / with zero average: 


If /(O) =0, there is a central limit theorem. 

If /(O) 7 ^ 0, for example /(O) > 0, then we get as above m[/y > x] = (ci + 

o(l))x“^ for Cl = . We are in the nonstandard domain of attraction 

of the normal law (i.e. fy is attracted to a normal law but is not in L^), for 
l{x) = 1, whence L{x) ~ ylogx. The constant is then logn, and 

we get the convergence 


ELo / ° 

logn 


W(0,1). 


3. For a G (0,1), we can also look at /(x) = x~^ + c with /? > 0, where c is taken so 

that f f = 0. Note that / is integrable with respect to the invariant measure m if 
and only ii a + j3 <1 (since the density of m behaves like x“" close to 0). A small 
computation shows that Defy^Jn) x whence ^ nm[J^DQfy{Jn) < cxd as soon 
as a + /? < 1. Finally, on J„, fy ~ whence m[fy > x] ~ Cx~^. Thus, 

when a + j3 < 1/2, we obtain a usual central limit theorem, while when a + (3 = 1/2 
we have a central limit theorem with normalization - 7 ==, and for 1/2 < a + P < 1 
we obtain a convergence to a stable law for the normalization f+ 0 . So, even when 
a < 1/2, we can have convergence to a stable law if the observable is unbounded. 

Note that Theorems o and can not be used directly in this case, since the 
function / is not bounded on lJ^~^T*(y). However, what is important in the 
proof is that we can take an increasing sequence Zq with \jZq = X such that the 
induction on Zq has good properties. In this case, we can take Zq = (xg, 1) and the 
proof is exactly the same. In an equivalent way, we can construct an inverse tower 
and work with this inverse tower, the proofs being almost identical. 

4. For hxed points such as x + x" logx with a G (0,1), we also get other slowly varying 
functions, whence convergence with other normalizing factors. 


1.4 Strategy of the proof 


Results of convergence to normal laws or stable laws are already known when it is possible 
to obtain a spectral gap for the transfer operator, for example for uniformly expanding 
dynamics (see for example ||GH 88 || and ||AD01|| ). In the following, this case will be referred 
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to as the uniform case. Such results apply in particular to the induced maps, and they 
are obtained by perturbing the transfer operators. 


The strategy is then to translate the results on the indnced map to the whole space. For 
this, we use first return transfer operators, which have been used by Sarig in ||Sar02|| (see 


also |[lso00|| ). We will pertnrb these operators, and transfer the results in the nniform case 
to these hrst return transfer operators, through the abstract Theorem |2.1| which is in fact 
the main technical part of the proof. 


This gives information on the behavior of the Birkhoff sums, but only on the part of the 
space on which we have indnced. We then have to indnce on larger and larger parts of 
the space, to recover more and more information, which will complete the proof. 

In Section we will prove the abstract result referred to above. Theorem In Section 
we will establish estimates in the nniform case in our context, which is slightly more 
general than the results in the literatnre. Finally, we will prove the main theorems in 
Section 


2 An abstract perturbative theorem 

In the following, D will denote {z E C \ |.2| < 1}, and D = {z e C | |2:| ^ 1}. 


2.1 The result 

The goal of this section is to prove the following theorem: 

Theorem 2.1. Let C be a Banach space and Rn E Hom(£, £) be operators on C with 
ll-Rnll ^ for a sequence rn such that On = is summable. Write R{z) = ^ RnZ^ 

for z G D. Assume that 1 is a simple isolated eigenvalue of R{1) and that I — R{z) is 
invertible for G © — {!}. Let P denote the spectral projection of R{1) for the eigenvalue 
1, and assume that PR'{1)P = pP for some p > 0. 

Let Rnit) be an operator depending ontE [—a, a], continuous at t = 0, with i?„(0) = Rn 
and ||i?„(f)|| ^ Cvn Vt G [—a, a], for some constant C > 0. For 2 ; G © and t E [—a, a], 
write 

OQ 

R{z,t) = J2^''Rn{t). 

n=l 

This is a continuous perturbation of R{z). Fort small and z close to 1, R{z,t) is close 
to R{1), whence it admits an eigenvalue \{z,f) close to 1. Assume that A(l,t) = 1 — 
(c + o(l))M(|f|) for c E C with 3fJ(c) > 0, and some continuous function M : M+ —> R+ 
vanishing only at 0. Then 

1. There exists £0 > 0 such that V|t| < Sq, I — R{z,t) is invertible for all 2; G D. We 
can write (/ — R{z,t))~^ = YhTnyF^■ 
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2. Furthermore, there exist functions e(t) and6{n) tending to 0 whent 0 andn 
such that V|t| < Eq, 'in G N*, we have 




P 


^ e{t) + 5(n). 


( 2 ) 


For example, when M{f) = P, this gives the convergence —>■ 

Remark. There is an analogue of this theorem when the perturbation takes place on 
[0, a] (with exactly the same proof). Thus, for a perturbation where A(l, t) = 1 — a|tp + 
ibsgn(t)\t\^ + o(|t|^) for t G [—a, a], we get once again the same result, using twice this 
theorem, on [—a, 0] and [0,a]. 


2.2 Wiener’s Lemma in Banach algebras 


The classical Wiener’s Lemma says that if / : C has summable Fourier coefficients 

and is everywhere nonzero, then the Fourier coefficients of 1// are also summable (see for 
example |[Kah70|| ). We will use an analogue of this result for functions taking their values 
in non-commutative Banach algebras. 


Let Al be a Banach algebra with unit (its norm will be written || ||^). We will denote by 
A{A) the set of continuous functions f ■. ^ A whose Fourier coefficients, dehned by 


Cn(/) 


1 


r-27r 


g-ine d0. 


are summable in norm. Then / coincides with the sum of hs Fourier 

series (see ||Gou02| , Proposition 2.6]). In particular, ii f,g G A[A), then Cn{fg) = 
J2kez‘^n+k{f)cn-k{.g), wheuce fg G A{A). Moreover, A{A) is a Banach algebra for the 
norm ||/iU(_ 4 ) = E l|Cn(/)IU- 


For f : ^ A, we will also write ||/||_4 = sup{||/( 2 ;)||_^ | G 5^}. We have of course 

ll/IU ^ ll/llA(yi)’ other inequality is false. 

The following result can be found in PP42|| (I thank Omri Sarig for this reference). 


Theorem 2.2. Let f G A{A) he such that for all z G S^, f{z) is invertible in the Banach 
algebra A. Then, setting g{z) = f{z)~^, we also have g G A{A). 


Let 12 be an open subset of C and h : 12 — > C an holomorphic function. If a; G M is 
such that its spectrum a{x) is included in 12, it is possible to dehne h{x) G A using the 
Cauchy formula, by h{x) := ^ Aj^du, where 7 is a path around a{x) in 12. This 
is independent of 7 (see e.g. |PS57| , VIL3]). For example, if h[z) = z"^ for n G Z, 
then h[x) = x" (for the multiplication in the algebra A). For another example, take 
A = Hom(£, £) where £ is a Banach space, and x G M for which 1 is isolated in ct(x). 
Then, if h is equal to 1 in a small neighborhood of 1, and to 0 outside of this neighborhood, 
then h(x) is the spectral projection associated to 1. 
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Theorem 2.3. Let H be an open subset of C and h : ^ C be holomorphic. Let 
f G A{A) be such that \/z G S^, a{f{z)) C If g{z) = h{f{z)), then we also have 

g G A{A). 


The previous Wiener’s Lemma is a particular case of this result, for h{z) = 1/z. 


Proof. As the spectrum is semi-continuous, there exists a path 7 in around a{f{z)) for 
every z E . Thus, g{z) = ^ ui-%) For u G 7 hxed, ze^ ui-%) 


by Theorem p.2| . As the inversion is continuous in the Banach algebra A[A), u M, 
continuous on the compact 7. Since g = du, this concludes the proof. 


u IS 

□ 


Note that this result applies in particular to spectral projections. 


2.3 Study of (/ — R{z^t)) ^ at t = 0 

In this section, we will describe the behavior of the coefficients of (/ — R{z))~^^ and in 
particular show that they tend to Ip. We will use techniques introduced by Sarig in 
. The main technical difference is that in the proof of Theorem |2.4| (an analogue of 
his “hrst main lemma”), we will replace his estimates using regularity by applications 
of Wiener’s Lemma. 

The following result is interesting in itself, and its proof will be instrumental in the proof 
of Theorem ^Tj 

Theorem 2.4. Let be operators on a Banach space C, such that = J2k>n ll-^fcll 
summable. Write R{z) = RnZ'^ o,nd assume that 1 is a simple isolated eigenvalue 

of R{1), while I — R{z) is invertible for 2 ; G D — {!}. Write P for the spectral projection 
of R{1) for the eigenvalue 1, and assume also that PR'{1)P = /iP for a nonzero constant 

/i. 

Then the function j can be continuously extended to D, and its Fourier coeffi¬ 

cients on are summable. Writing {I — R{z))~^ = 'YlmRz'^, we have \\R — Tn-i\\ < 
00. 

Proof. Write S{z) = 

Step 1: S{z)~^ can be continuously extended to ©. 

The problem is the extension to 1. For z G D close to 1, R{z) has a unique eigenvalue A(z) 
close to 1. We write P{z) for the corresponding spectral projection, and Q{z) = I — P{z). 
For z close to 1 but different from 1, 

= “ R(OQ{z)WQ{V. 


|Sar02| 




(3) 
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As I — R{z)Q{z) is everywhere invertible on D, the second term has a continuous extension 
to 1. As (/ — R{1))P{1) = 0, 


1 - 
1-z 


R(z) = R(z) 




(4) 


Note that 


R(z)-R(l) 

z-1 


oo / oo \ 

E E 

n=0 \k=n+l / 


As Ylk>n ll-^fc|| is a summable sequence, the above sum converges in norm, which implies 
that its limit at 1 , denoted by -R^l), is well defined. 

If 5 > 0 is small enough, then 


P(z)^ 


2!ir ul - R(z) 


dn. 


Thus, 

m - -p(i) 1 f 1 R{z}-R(i) 1 

z — 1 2i7i J\u-i\=s ~ -R(^) z — 1 ul — R{1) 

As converges at 1 , we get the convergence of at 1 , to a limit P'{1)- 

In Equation (|), when 2 ; tends to 1, the right hand term tends to P(l)i?'(l)P(l) —P(l)(/ — 
P( 1 ))P'( 1 ) = P( 1 )P'( 1 )P( 1 ) since P(l)(/ - P(l)) = 0 . Recall that P(1)P'(1)^(1) = l^P 
for some nonzero /i. 

Let be a bounded linear functional on Hom(£, P) such that .^(P(l)) = 1. We apply ^ 
to both members of Equation and let 2 ; go to 1, which gives that 


1 - 
1-z 


p. 


( 6 ) 


As p 7 ^ 0, this shows that, in Equation (^), both terms on the right hand side converge 
at 1 . 

Step 2: Construction of a function R{z) on S^, coinciding with R{z) for z close to 1, such 
that it has everywhere a simple eigenvalue A( 2 ;) close to 1, but different from 1 if z ^ 1, 
and with € A{A). 

We construct R in three steps, first defining two approximations P, G and then gluing 
them together to get R. 

Fix some 7 > 0, very small. Let (p + '^ be a C°° partition of unity on associated to the 
sets {6 G [ 0 , 7 )} and {0 G (7 — 7,7r/2]} where 6 is the angle on the circle (for some very 
small 0 < 7 < 7 ). We define F{z) = g}{z)R{z) + ^jJ{z)R{e'^'^) on {6 G [ 0 , 7 r/ 2 ]} : F is equal 
to P on {0 G [ 0,7 — rf\} and to P(e*'’') on {9 G [ 7 , 7 r/ 2 ]}. In particular, the spectrum of 
F{z) is “almost the same” as the spectrum of P(l) if 7 is small enough. 
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We define in the same way F on {9 E [— 7 r/ 2 , 0 ]}, equal to R{e on {9 G [—vr/2, — 7 ]} 
and to R on {9 e [—7 + 7 , 0]}. 

Finally, we construct F on the remaining half-circle by symmetrizing, i.e. = 

F(e*(’^/^-“)), to ensure that everything hts well. 

Provided 7 is small enough, there is a well defined eigenvalue close to 1 for every F{z), 
depending continuously on z, which we denote by p{z). The problem would be solved 
if p{z) 7 ^ 1 for 2 ; 7 ^ 1, which is not the case since p(—1) = p(l) = 1. Consequently, 
we have to perturb p a little. Let z/ be a C°° function on {9 G [ 7 r/ 2 , 37 r/ 2 ]}, arbitrarily 
close to p and which does not take the value 1. On {9 G [ 7 r /2 -f rj, 37 r /2 — 7 ]}, we define 
G{z) = ^^F{z) : its eigenvalue close to 1 is iy{z) 7 ^ 1. Finally, we glue F and G together 
on {9 G [ 7 r/ 2 , 7 r /2 -|- p]} and {9 G [ 37 r /2 — 7 , 37 r/ 2 ]} with a partition of unity, as above. 
As the spectrum of does not contain 1 , the gluing will not give an 

eigenvalue equal to 1 if we choose p small enough and z/ close enough to p. 

Note hnally that, since ^ A{A), we also have ^ A{A)'. to obtain R{z), 

we have multiplied by G°° functions, which are in A(C). 

Step 3: WnUng S{z) = then S{z)-^ eA{A). 

By construction, ^ A{A)^ and R{z) G A{A). Equation (|D (with tildes every¬ 
where) implies that g A[A) (use first Wiener’s Lemma Theorem p. 2 | on uI—R{z), 

then multiply and integrate, as in the proof of Theorem |2.3|) . In particular, P{z) G A{A). 

Let ^ be a bounded linear functional on A satisfying ^(P(l)) = 1 and Vz G S'^, ^{P{z)) 7 ^ 0 
(take 7 small enough in the construction of R to ensure this). Then ^{P{z)) G A(C), thus 
l/^{P{z)) G A(C) by Wiener’s Lemma Applying ^ to both sides of Equation (H) 
(with tildes) and dividing by ^(P(z)), we obtain that G A(C). As this function is 

everywhere non-vanishing, we can use once more Wiener’s Lemma and get that ^ ^ G 

A(C). 

Finally, we use Equation (^ (with tildes everywhere). Wiener’s Lemma ensures that 
(/ — R{z)Q{z))~^ G A{A) since / — R{z)Q{z) is in A{A) and pointwise invertible. Thus, 
the right hand side is in A{A), which ends the proof. 

Step 4-' S{z)~^ G A{A). 

Let (p + 'ip he a G°^ partition of unity on 5^, such that P = P on the support of p. Then 




p{z) 


l-z J 


Fp’iz) 


I - R(z) 
l-z 


-1 


The first term on the right-hand side is in A{A) according to Step 3. For the second 
term, we can modify outside of the support of ^jJ so that it is everywhere dehned 

and invertible, using the same techniques as in the construction of P. Wiener’s Lemma 













14 


S. Gouezel 


gives that its inverse is in A{A), which concludes the proof. 

Step 5: conclusion. 

I — R{z) is a power series that is invertible everywhere on D. According to |pS57| , Lemma 
VII.6.13], its pointwise inverse is also analytic on D, whence it is a power series, that 
can be written as Multiplying by 1 — we get — Tn-i)z'^. 

Thus, if r < 1, we have Tn — T„_i = d^. As is continuous 

on the whole disk D, we obtain by letting r tend to 1 that T„ — T„_i is the Fourier 
coefficient of S{z)~^ on S^. But we already know that S{z)~^ G A(M), which proves that 
X] ||T„ - T„_i|| < oo. □ 


Remark. Theorem p.4| is in fact the main technical ingredient in the proof of Sarig in 


Sar02||, but he had to assume a„ 


with /? > 2. Thus, it is possible using Theorem 


to extend Sarig’s results on lower bounds for the decay of correlations (Theorem 2 and 
Corollaries 1 and 2 in |[Sar02|] ), even when the mass of the set of points returning at time 
n is not of the order 1/n^. For example, it is not hard to generalize his results to maps 
of the interval with a very neutral hxed point, such as x{l + x log^ x). With a little work, 
this shows that all the upper bounds on the decay of correlations obtained by Holland in 


Hol02|| are in fact optimal. 


The following lemma will be needed later on in the proof of Theorem pT 


Lemma 2.5. Under the same hypotheses as in Theorem 13.4 , we have 


-P + (1 — z)A{z), where A{z) = ^ with A„ —0 as n ^ oo. 


I-R{z) 

1-z 


-1 


Proof. We use the method of Sarig in ||SarU2|| , starting from our analogue of his hrst main 
lemma. Theorem |2.4| . More precisely, Sarig constructs a polynomial Pb{z), approximating 

P{z), such that ^ ^ r^-Rb _ are polynomials. Moreover, I — Pb{z) 

is invertible for 2 ; e ©, and ^j ^ ip + (1 — z)B{z) where B{z) = ^ BnZ'^ and 

Bn = o{k^) for some k < 1. The proof of this result ( |^ar02| . Lemma 6]) relies only on his 
hrst main lemma, which we have already proved in our context. 

Then, he uses the following perturbative expansion of = (PzPPl 

Sb{z)-^ = 


l-z 


around 


S(z)-^ = Sb(z)-^ + Sb(z)-\Sb(z) - S(z))S(z)-\ 

To prove the lemma, we only have to show that Sb(z)~^(Sb(z) — S(z))S(z)~^ can be 
written as (1 — z)C(z) for some C(z) = J^CnZ"' with —>■ 0 (indeed. An = Bn + C„). 

We hrst study We have 






= / + //, 
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As I/{I — z) is a polynomial (by construction of Rb), we can forget this term. For the 
other term, 

OO CO 

" = E 

n=k-\-l 

Thus, writing = J2T=n+iYl'ilk+i we have The summability of 

ttk = W^iW implies that Dn 0. We have shown that 


Sb-S 

1-z 



where —> 0. 

We already know that Sb(z)~^ and S(z)~^ have summable coefficients. Thus, the lemma 
will be proved if we show that, if —> 0 and is summable, then the coefficient {EF)n 
of z"' in Enz'^) (X] Fnz'^) tends to 0 as n —> cx). 

We have {EF)n = Yl'k=o^kFn-k- We £x £ > 0, and N such that ii k ^ N, ||F^fc|| ^ If 
K is greater than ||F^fci| and Yl ll-^fclli we get for n ^ 


II 


N-l 

^ ll-^fcll ll-^n-fc 

k=0 


J2e\\Fn-k\\ 11 ^/ 11 +^^- 

k=N l=n-N 


For n large enough, this is less than 2Ke. 


□ 


2.4 Invertibility of / — R{z,t) 


From this point on, and until the end of the proof of Theorem |2.1| , the notations and 
hypotheses of all the results will be those of Theorem p.l|. 


In this section, we prove the invertibility of / — R{z, t) when {z, t) ^ (1, 0) and t is small 
enough. The problem occurs for z close to 1, where R{z,t) has a well dehned eigenvalue 
X{z,t) close to 1. Let us hrst study this eigenvalue. 


Lemma 2.6. In a neighborhood of (1, 0), it is possible to write \{z, t) = 1 + [z — l){p + 
a{z,t)) — (c + b{t))M{\t\) where the functions a and b tend to 0 respectively at (1,0) and 


0 . 


Proof. As 


R{z, t) — i?(l, t) 
z-1 


OO / 

E V E ^*(*) 

n=0 \k>n 




the summability assumption implies that {z, t) h->• jg continuous at f = 0. 

Writing 


P{z,t) - P{l,t) 
z-1 


1 r 1 R{z,t) - R{l,t) 1 

2i7i ul — R{z,t) z — 1 ul — R(l,t) ’ 
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we also get the continuity of (z, t) h-^ at t = 0. Thus, applying a bounded 

linear functional to the equation 


A(^. t) - A(l. () ^ -^(l-*) p(,. t) + (R{l,t)- A(l. «))!(•■’ - ^(1- 


z-1 


z-1 


z-1 


we get also the continuity of F(z,t) = Moreover, F{z,0) —^ /r when z —> 1 

(Equation (|])), which makes it possible to write F{z, t) = fi + a{z, t) with a{z, t) vanishing 
at (1,0). Moreover, by assumption, A(l,f) = 1 — (c + b(t))M{\t\) where b vanishes at 0. 
Hence, 


X{z, t) = A(l, t) + {z - l)F{z, t) = 1 - (c + b{t))M{\t\) + ( 2 ; - l)(/i + a{z, t)). 


□ 

Proposition 2.7. There exists Sq > 0 such that 'i{z,t) G (D x [—£ 0 ,^ 0 ]) ~ {(1)0)}, 
/ — R{z, t) is invertible. 


Proof. Assume that there is a neighborhood V of (1, 0) such that, in H—{(1, 0)}, I—R{z, t) 
is invertible. We can assume that V = Ux [—£ 1 , £ 1 ]. For w G D —f/, I — R{w) is invertible, 
thus I — R{z, t) is invertible in a small neighborhood of {w, 0), which can be taken of the 
form lAu, X [—By compactness, D — 17 is covered by a finite number of the 17^, say 
f4,i,..., To conclude, just take eo = min(ei, ..., 

So, we just have to construct a neighborhood V as above. We have to show that the 
eigenvalue X{z,t) of R{z,t) is different from 1 when {z,t) is close to but different from 
(1,0). This essentially comes from the asymptotic expansion of X{z,t) given by Lemma 
p.6| , but we will write it more carefully. 

Let K be such that j > |^. The neighborhood V will be the set of {z,t) such that 
\b{t)\ < 3fJ(c)/2 and |a( 2 ;,f)| ^ min . 

We fix {z, t) G Hn (© X M). Assuming that A( 2 :, t) = 1, we show that {z, t) = (1, 0). There 
are two possibilities, namely |Q'( 2 ; — 1)| ^ I 2 ; —1|/2 or |3?(2; —1)| ^ |.2 —1|/2. The latter case, 
being easier, is left to the reader. We can assume for example that 9'(z — 1) \z — l|/2. 

As iR.{fi{z — 1)) ^ 0 since fi > 0 and 2 ; G D, we have 
1 = 3f?(A(z, t)) = l + 3fJ(/i(z - 1)) + 3fJ(a(z, t){z - 1)) - (3?(c) + ^{b{t))M{\t\) 

« 1 + \a(z,t)\\z - 1| - (3}(c) - |^)(^)I)A^(I^I) < 1 + ^\z - 1| - 

Thus, |.2 — 1| ^ KM{\t\). The imaginary part then satisfies 

0 = a(A(z, ()) ^ (f. - \a(z, tm(z - 1) - (k| + |K()|)M(|(|) > 

The definition of K implies that |^ — 1| = 0, which in turn gives f = 0 since I 2 ; — 1| ^ 
KM{\t\) and M vanishes only at 0. □ 
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In particular, for \t\ < So, I — R{z, t) is a power series invertible everywhere on D, whence 
its inverse can be written as ^ Tn^tz"' (see Step 5 of the proof of Theorem |2.4|) . Moreover, 
for t 7 ^ 0, everything can be continuously extended to 9©, which implies that the Tn^t are 
the Fourier coefficients of the function (/ — R{z,t))~^ (considered as a function from 
to A). 


2.5 Convergence oft) 


In this section, we will work exclusively on {z will thus denote a point in C C and 
not in ©). 

To apply Fourier series methods to R{z, t), we will need it to have a well defined eigenvalue 
close to 1, which is not a priori true outside of a neighborhood of (1,0). 

Construction of R{z,t). 

We use the function R{z) that has been constructed in Step 2 of the proof of Theorem 
We set R{z, t) = R{z) — {R{z) — ARnit)). The map t h-^ i?(-, f) is then continuous at 
t = 0 (for the A(M)-norm, whence for the supremum norm), and R{z, t) has a well dehned 
eigenvalue \{z,t) close to 1. Moreover, for z in a neighborhood of 1, \{z,t) = X{z,t), 
which is different from 1 when {z,t) ^ (1,0), and outside of this neighborhood X{z,t) is 
close to X{z, 0) and is thus different from 1 if f is small enough. 

The main result of this section will be the following proposition (recall that the hypotheses 


are those of Theorem p.l|) : 


Proposition 2.8. We have 


I — R{z, t) 


l_(l_£M(|f|))^ 


I - R{z) 
1-z 


-1 


t^o 


0 . 


A{A) 


Proof. Write P{z,t) for the spectral projection associated to the eigenvalue X{z,t), and 
Q{z,t) = I — P{z, f). We then have 

I - R{z, t) = {1- 'X{z, f))P{z, t) + {I - R{z, t)Q{z, t))Q{z, t). 

Thus, 


I — R{z, t) 


1 -( 1 -£ M (|«|))2 


P{z, t) + 



-M{\t\))z\ {I - R{z,t)Q{z,t)) ^Q{z,t). 
h ) 


1 — X{z, t) 
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As R{z,t) -R(^) as t > 0, Wiener’s Lemma Theorem gives the convergence of 
P{z,t) and Q{z,t) respectively to P{z) and Q{z) (in the sense of Fourier coefficients). 
We also obtain (again by Wiener’s Lemma) the convergence of (/ — P{z,t)Q{z,t))~^ to 
(/ — P{z)Q{z))~^, since / — P{z)Q{z) is invertible for every z G S^. 

in A(C)), which is given by the 


ft only remains to prove that - - - 


1-2 


1 — X(z,t) 1 —A( 2 :) 

following lemma and Wiener’s Lemma (since inversion is continuous in the Banach algebra 
A(C)). □ 


Lemma 2.9. We have 


\{z,t) 


X{z) 


l_(l_£M(|t|))z 


1-z 


A(C) 


1^0 


0 . 


Proof. We will usually work with the circle embedded in C, but it will be convenient 
to consider the circle as T = M/27rZ, in which case the variable will be denoted by 6. 

We recall some results on Fourier series. For 16^1 ^ vr and small e > 0, write A^{6) = 
sup ^0,1 — j: this function is supported in {9 G [—e, e:]}. We write also W = 2A2£ — A^: 
this function is equal to 1 on {6* G [—£, e]} and vanishes outside of {9 G [—2^, 2e]}. We will 


A(C) 


use W and 1 — W as a (7° partition of unity. By ||Kah70| , page 56], we have 
Note that 14 is piecewise C^, its derivative being bounded by 1/e:. 

If : T —C is continuous and piecewise C^, then ( |[Kah70| , page 56, Equation (1)]) 


4 3. 


A(C) ^ ko(5')| 


TT 

12 


wm^dt 


1/2 


(7) 


Finally, if / : —>• C is in A(C) and satisfies /(I) = 0, then ( ||Kah70|, page 56]) 


\\m\ 


A{C) 


£^0 


0 . 


( 8 ) 


Fix \t\ < Eq and write 'ipt = VG{\t\) for G(t) = and (ft = l — Yt, on or T. Setting 

At{z) = ^ have to check that At{z) tends (in A(C)) to B{z) = We 

will prove that At{z)Yt{.z) — B{z)'ipt{z) —>• 0, and At{z)(pt{z) — B{z)ipt{z) —> 0. 

In this proof, we denote by C{z) a function whose norm in A(C) is bounded by a constant. 
For example, as ||14lU(c) ^ 8, we sometimes replace Vt{z) by C{z). As = 

< 1 I 

A(C) 

by 


1 - -M{\t\) E“=i(l - we also have 


1-2 


l-(l-fM(|t|))2 


which is bounded when t —^ 0 (since 3?c > 0). Thus, we may also replace 


■-M{\t\))z 
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Using exactly the same equations as in the proof of Lemma |2.6| (with tildes everywhere) 

and Wiener’s Lemma, we prove that K{z,t) = g ^(C) 

when t —i> 0. 

Step 1 (close to z = 1): At{z)'i(t{z) — B{z)'i(t{z) tends to 0 in A{C)-norm. 

We proved in the third step of the proof of Theorem that G y4(C). As this 

quotient tends to /i when z —>■ 1, we can write = p, + F{z) where F G A(C) 

and F{1) = 0. We also write A(l,f) = 1 — (c + b{t))M{\t\) (since A(l,t) = A(l,f), as 
R{z) = R{z) in a neighborhood of 1). This gives 


X{z, f) = 1 - (c + b{t))M{\t\) + {z - 1) {K{z, t) + F{z) + p). 


Thus, 


A{z) = 


1 — \{z, t) 


1 

= h- 


{l-f^M{\t\))z 

1-z 

l-{l-f.M{\t\))z 


iF{z) + K{z,t) + cM{\t\)) + 


M{\t\) 


l_(l_£M(|f|))^ 


b{t). 


Therefore, 


At{z)^jJt{z) 

= p-iptiz) + C{z)F{z)'il)t{z) + C{z){K{zR) + M{\t\)) + 


M{\t\) 


l_(l_£M(|f|))^ 


b{t)'i(t{z) 


A small computation shows that has a bounded norm in A(C). Moreover, 

p = B{z) — F{z), and the term F{z)'ipt{z) can be included in C{z)F{z)'ipt{z). Finally, 


At{z)'ipt{z) - B{z)'ilJt{z) = C{z)F{z)'ilJt{z) + C{z){M{\t\) + K{z,t) + b{t)). 


In the rightmost term, everything tends to 0 as f —>■ 0. Moreover, Equation (j^) ensures 
that F{z)'ipt{z) 0. This concludes the hrst step. 

Step 2 (away from z = 1): At{z)ipt{z) — B{z)(pt{z) tends to 0 in A{fC)-norm. 

We start from 

1 — A(^, t) 1 — A(2;) 

1 - (1 - " l-z 

1 — A(£) / 1 — Z A 1 — Z A(£) — \{z, t) 

^^^\l-{l-lM{\t\))z~ ;^l-(l-fM(|f|))£ l^z • 
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We will see that each term on the right, multiplied by (pt, tends to 0 in v4(C) when t —> 0. 

We will use that, on the support of (ft, we have — 1| ^ CG(|t|), which implies that 
|1 — (1 — ^M{\t\))z\ ^ CG{\t\) — DM{\t\) ^ CG{\t\) (for a smaller constant C) since 
M{t) = o{G{t)). In the following, C will denote a generic constant. 

The first term. 

As e A(C), it is enough to prove the convergence of / = ~ Tt{z) 

to 0. We will use Equation (|^). 

We have 

\fU)\ i < CM{\t\f\ 

In particular, |co(/)| ^ CM{\t\y^^. 

For the derivative, writing f{6) = h{6)ft{0), we have /' = h'pt + hf'f As \h\ ^ CM{\t\fi^^ 
and \f[\ ^ 1/G(|t|), we get \hf^\ ^ 

To control h', we write 


1 _ £M(|i|) + 1 - JM(|i|) 1 - (1 - fM(|i|))e«' 


Thus, 


h\9) = i 


xM(\t\) 


(l-(l-SM(|i|))e«)= 


On the support of ft, the modulus of the denominator on the right is ^ (OG(|f|))^, which 
gives |h'| ^ CM{\t\y/^. 

We have shown that \ f\ ^ As |co(/)| ^ Equation gives that 


« CM(|i|)V3, 
The second term. 


l-z 


is bounded in A(C), it is enough to show that g(z) = 


As 

tends to 0 in A(C). 

Writing again K(z, t) = (^this difference tends to 0 when t —0), we 

have 

g(z) = K(z,t),fi,(z) + (A(l) -A(l,«))^. 

1 — z 

The hrst term K{zfi)ft{z) tends to 0. For the second term, if h{z) = we have 

|co(^)l ^ c^) 


\h'{e)\ = 


(1 


TtiO) 

aie\2 


+ 


wTtiO) 


oie 


1 11 

^ -. + 


C^G{\t\f CG{\t\)G{\t\y 
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Equation (0) gives that ||h||^(Q ^ cMp 
we finally get ||(A(l) - A(l, 

Step 2 of the proof of Lemma 


c 


AiO 


= 0(M(|(|)-2/3). As A(l) - A(l,() = 0(M(|«|)), 
= 0{M(\t\y^^), which concludes the proof of 

□ 


2.6 Conclusion of the proof of Theorem |2.1| 

Proposition 2.10. We have 

-^ 0 . 

t^o 

A{A) 


I — R{z, t) 


l-{l-f.M{\t\))z 


I - R{z) 
1-z 


-1 


Proof. Let xi, X 2 be a partition of unity such that R 


A{zR) = (^j 


I-R{z,t) 




-1 


R on the support of Xii cind set 


Proposition shows that xi{.z)^{.zR) —> xi{.z)^{.z,iS). For the term X 2 {,z)A{zR), we 
can safely modify i? on a small neighborhood of 1 so that I — R{z) is everywhere invertible 
(this does not change X 2 {z)A{z, f)). Wiener’s Lemma and the continuity of inversion then 
give that X 2 iz)A{z, t) X 2 iz)A{z, 0). □ 


Proof of Theorem |g. j| . We now conclude the proof of Theorem |2.1| , i.e. we construct 
functions e(t) and S(n) satisfying Equation (^. 

Proposition p.l0| shows that it is possible to write 


/ — R(z, t) 


l-{l-f.M{\t\))z 


I - R{z) 
1-z 


-1 


+ re) 


where Rt(z) E A{A) tends to 0 when t —>■ 0. Moreover, Lemma |2.5| gives that 


1—RA\ ^ Ip + (1 - Z)A(Z) 

1 — z J n 


where A{z) = ^ with An ^ 0. We get 


Y,Tn.,r = (I - R{z,t))-' 

= l_(l_£M(|i|)).-;i^ + 1 - (1 - fM(|i|))/W + 1 - (1 - 


In the first term, the coefficient of z” is ^ — ^M{\t\)j P and corresponds to (^. We 

have to check that the other terms are smaller than e{t) + 6{n). 
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Let us denote by 6{n) the maximum for t G [—£0,^0] of the coefficient Cnit) of z"- in 
■ We will prove that (5(n) ^ 0 as n —>• cx). We have 


1-z 

1 -( 1 - 


00 



Thus, 


n—1 




-Mdtnj: 

^ k=0 




n—k—1 


Ah. 


Note that, since 3fJ(c) > 0 and M{t) 0 when f ^ 0, we have 1 — ^M{\t\) ^ 1 —^M(|t|) 

when t is small enough. Let C be greater than the ||^n|| ,n G N. We hx e: > 0, and N 
such that \/k ^ N, ||Afc|| ^ e. Then, if n ^ A^, 


lk..(«)ll « II^JI + ^A^(l«l) 5^ 1 - ^M{\t\) II All 

^ fc=o V h- / 

Irl ^ \n-k-l 

+ Mm(|(|)5^ 1-—M(|(|) 

\ n-N 

l-^M(|f|) +Ee. 

2fi ) 

/ \ n—N 

As M{\t\) fl — ^M(|t|)j tends uniformly to 0 on [—£ 0 ,^ 0 ] (if ^0 is small enough) 
when n —> cx), we get that for n large enough, ||c„,(f)|| ^ (2 + E)e, and 6(n) ^ (2 + E)e. 
Let us hnally bound the coefficients of which will give the e(t). The 

Fourier coefficients of are ^ 1, which implies that the coefficient of z^ in the 

product is at most J2k=o ll-^i(^)fc|| ^ l|a|U(_ 4 )- Since ||Fi||^(_ 4 ) ^ 0 when f —> 0, we can 
take e{t) = ll-FtlU(yi) conclude. □ 


3 Results in the uniform case 


In Sections p.l| and p.2| , we state some technical estimates on Markov maps, and we use 
them in Sections |3.3| and to derive an expansion of the eigenvalue of a perturbed 


transfer operator, which will subsequently be used in the proofs of Theorems 0 and 

We work in the setting of Markov maps of Section 03. and we will use freely the 
dehnitions introduced here. 
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3.1 Some technical estimates 


In this section, {Z,B,T,m,6) will be a Markov map preserving a measnre m of finite 
mass. Write t{x, y) for the separation time of the points x and y (under the iteration of 
T) and assume that the distortion of T is r-Holder for some r < 1. For / : Z —>■ C, we 
will denote by D^f the least r-Holder constant of / for points in the same elements of 
the partition, i.e. Drf = inf{c | Vx,?/ G Z,t{x,y) ^ 1 ~ f{y)\ ^ Let 

also Cr be the space of bounded functions on Z with Drf < oo. It is a Banach space for 
the norm ||/||^^ = \\f\\^ + Drf. 

We will need a property slightly weaker than the big image property from Section |1.2.1| . 
We say that Z is a hounded tower if there exists q eN, a subset 5o C 5 (corresponding to 
the basis of the tower) and a function R : 6q ^ {0, ... ,q — 1}, such that Z is isomorphic 
to the set {{x,i) \ x E a C 6o,i < R{a)}, with the partition into the sets a x {i} for a E Sq 
and i < R{a). We require T to map a x {i} isomorphically onto a x {i +1} if i +1 < R{a), 
while if i + 1 = R{a) then T(a x {i}) C IJde^o points get out of the tower 

through the top and fall down to the basis. We will write = {{x, k) \ x E a, R{a) > k}, 
i.e. this is the set of points at height k in the tower. 


We will say that T has the hounded tower hig image property if Z is a bounded tower, 
and the returns to the basis have measure bounded away from 0, i.e. \/a E 6, Ta C Aq ^ 
m[Ta] > rj for a constant rj > 0. Note that, when q = 1, i.e. there are no floors in the 
tower, we recover the usual big image property. 


In the rest of Section |3.1|, T will have the bounded tower big image property and loggr, 
will be r-Holder. 


Lemma 3.1 (Distortion Lemma). Writing gm\x) = gm{x) ■ ■ ■ gmiT'^ ^x) (this is 
the inverse of the jacohian ofT^), there exists a constant C such that t{x,y) ^ n ^ 



ffm I O 

(y) 




In particular, there exists a constant D such that, if d = 
length n and x E d, then D~^gm\x) ^ ^ Dgm\x). 


[do, ..., dn-i] is a cylinder of 


Proof. Let x,y be such that t{x,y) ^ n. Then 


n—1 


|log(^^na;)) - ^og{g(f\y))\ ^ \log{gm{T^x)) - log(^m(T»)| 

i=0 

^ VD,(l0g(^™))r*(^’^)-* ^ Dr{log{gm)) ^tix,y)-n+l_ 

f ^ 1 — T 


2 = 0 


Taking exponentials, we get the hrst statement of the lemma. 

(^) ( \ 

In particular, if d is a cylinder of length n and x,y E d, we have ^ D for some 

gm'(y) 
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D. Using that l/gm\y) it the Jacobian of T^, we integrate on y G d and get that 


gm\x)m[T^^ ^ Dm[^. The other inequality is analogous. 


□ 


If -0 is a function on Z and T denotes the transfer operator associated to T, then 
T""0(^) = 'l2T^{y)=x 9^\y)'^iy)- There is at most one preimage of x in every non¬ 
empty cylinder d = [do,... ,dn-i], which we denote by do...dn-iX. Set M^{x) = 
gm\do ... dn-ix)i/j{do ... dn-ix) if this point is defined, and 0 otherwise. Then T” = ^ Md 
where the sum is over all non-empty cylinders d of length n. 

Lemma 3.2. There exists a constant B such that Vd = [do,..., dn-i], V'V' : Z —>■ C, 


WMd^pWr 

" - 'T- ^ m[T^d] 




m[d] 


IV’I dm 


Proof. Let x and y be in the same partition element a. If a is not in the image of T(d„_i), 
(MdV’)|a = 0 and there is nothing to prove. Otherwise, write x' = do... dn-ix, and 

y do ... dji—iy. 

First note that, for z' G d, we have |V’(dO ^ r"', which gives, after integrating 


on z', that |V’(dOI ^ t" -|- IVI dm. The inequality gm\y') ^ D 

Lemma gives then the claimed bound on HM^V’llf. 

Using Lemma ^.1|, we have 






from 


IMd'ipix) -ii4V’(i/)| ^ \g^^\x')\\'ip{x') - ^(dOI + \'4’iy')\\9m\y')\ 


1 - 


(^) / / 

9^ [x 


m[T"-d] m[T"-d] 

which gives the conclusion, using the aforementioned bound on \ijj{y')\ 




□ 


Corollary 3.3. If T has the bounded tower big image property and is ergodic, then the 
associated transfer operator T acts continuously on Cr, and it has a simple isolated eigen¬ 
value at 1, the eigenspace being the constant functions. 


Proof. The proof will use Lemma and the fact that T” = ^ Md, where the sum is 
over all cylinders of length n. 

We hrst show the continuity of T. Decompose T = IaqT -|- (1 — 1ao)T, where the hrst 
term sees the points on the basis and the second one in the floors. If x is in the basis, the 
elements a of the partition such that x &Ta return to the basis, which implies that they 


have a big image. We can thus sum the estimates given by Lemma |3.2| for cylinders of 


length 1, and forget the m[Td], to get that 


IaoTV 


^ B{t llV’ll^.^ + llV’lli)- On fhe other 

















Central limit theorem and stable laws for intermittent maps 


25 


hand, if x is not in the basis and x' denotes the point jnst below, then T'lf^^x) = tfj^x'). 


This implies that 


(1 - iAo)r 


^ 1, and conclndes the proof of the continnity of T. 


For n ^ q (where q is the height of the tower), we can nse the same argnment on the basis 
and get that 


(r">A)iA. 


C B T 


+ 


l)- 


If a: G Afc, let x' denote the corresponding point in the basis of the tower. Then T^'il){x) = 
T^~’^ijj{x'), and the ineqnality on the basis gives 






^n—k 


+ IIV'II0- 


As the tower is bonnded, we finally get that 


T^i) 




This is a Doeblin-Fortet ineqnality (since the inclusion Cr —> is compact). Thus, by 
Hennion’s Theorem (| Hen93|| ) the essential spectral radius of T is bounded by r, and 1 is 
an isolated eigenvalue of T. The constant functions are eigenfunctions, and ergodicity of 
T shows that they are the only eigenfunctions ([ Aar97 , Theorem 1.4.8]). Moreover, there 
is no nilpotent part since ||T”'|| is bounded. □ 


The following lemma will be useful later, applied to unbounded functions in L^. We recall 
that, if d is an element of the partition S, then Drh{d) is the least r-Holder constant of h 
restricted to d. 

Lemma 3.4. Assume that T has the bounded tower big image property. Let h G L^{m) 
with X](ie(5 'nT'[d]DTh{d) < oo. Assume that h is bounded on the set of points whose image is 
not in the basis of the tower, and that h is uniformly r-Holder on this set. Then Th G Cr. 

Proof. For d = [do] of length 1, the estimates given by Lemma [3^ depend in fact only on 
Drfj^do). Thus, summing these estimates on the basis, and using the big image property, 
we get 

{Th)\Ao 

\des 


^ B I '^^Tm[d\DT-h{d) + ||h||^ | < oo. 


If X is in the floors, and x' is just below x, then Th{x) = h[x'). As h is bounded and 
Hblder on the set of such points x' by hypothesis, we get that Th is in □ 
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3.2 Some technical estimates: the perturbative case 

In this section, {Z, B, T, m, 6) will satisfy the same assnmptions as in the previous section, 
i.e. T is a Markov map, preserving the finite measure m, with Holder distortion. Moreover, 
T has the bounded tower big image property. Additionally, we will use a function h : 
Z —>■ C which, on the set of points whose image is not in the basis, will be bounded and 
uniformly r-Holder, and satisfying J2des^['^]^rh{d) < oo. 

Let d = [do] be a non-empty cylinder in Z of length 1. For small t, we define a perturbation 
Md{t) of Md by 


Md{t)'ip{x) = 


Qi-i-Kdox)g^(^(l^x)ip{dox) if dox is defined 


otherwise. 


( 9 ) 


Lemma 3.5. There exists a constant B such that Vd = [dg], Vf G [—1,1], 


\\Mdit) - MrfIL ^ ( \t\Drh{d) + ^ - 1| dm 


m[Td] 


m 


,iij Jd 


Proof. Let E Cr- x,y are in the same element of the partition, we have to study 
{Md{t) — Md)'ip{x) — {Md{t) — Md)'ip{y). If dox is not defined, then doy is not defined 
either, and there is nothing to prove. Otherwise, denote x' = dox and y' = doy. Then 


liMdit) - MdMx) - (Mdit) - Md)fjiy)\ 


< 


Jth{x') 


\Md^p{x) - Md^p{y) \ + \Md^p{y)\ 


^ith(x') _ ^ith{y') 


We have 


^ith{x') _ ^ith{y') 


^ |f| \h{x') - h{y')\ ^ \t\Drh{dy^^'y^^^ 
li 7] = — 1, we see that \ri{x')\ ^ \v{y')\ + \t\DT-h{d) on the cylinder d, whence 

imply that 


^ _ ]^| _|_ f\D^h{d). The estimates on My from Lemma ^71 


|(M,(f) - Md)yx) - {My) - Md)yy)\ 
1 


< 


m[d] 


- 1| dm + \t\DMd) ) (ruy + ^ 


ydi] / „ , 1 

rDy + —— 
m[jdJ \ m[dj 


m[Td] V m\a\ 

ydm ) \t\Dy{i}y^’y\ 


|'0| dm 


This gives the estimate on {{My) — M^y, using the fact that yrDy + 1-01 dmj ^ 

2 IIV’II^^. The bound on the supremum norm is analogous. □ 
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Corollary 3.6. Assume that T has the bounded tower big image property. Writing Rt = 
T(e**^-), then t Rt is continuous at 0, and 

\\Rt-Ro\\c^=0{\t\+E{\R^'^-l\)). 

In particular, when h G , \\Rt — -Roll = 0{\t\). 

The notation E denotes the expectation, i.e. the integral with respect to the measure 
dm. 


Proof. We will use that Rt = T(e**^-) = Md(t), where the sum is over the cylinders of 
length 1. 


To prove continuity of t h-^ .R* at t = 0, we write Rt = Iaq-R* + (1 ~ 1ao)-Ro the basis, 
summing the estimates of Lemma |3.5| and using the big image property, we get 


LAo 


Rt - Iao^oII ^ B (^\t\J2^\i]Drh{d) + j le'*'* 


In the floors, if x' is the point just below x, then Rt'4){x) = which yields that 

11(1 — lAo)-Rt ~ (1 ~ 1 ao)-Ro|| is bounded by the /lT--norm of — 1 restricted to the set 
of points not returning to the basis at the next step. As h is uniformly bounded and 
Hblder on these points, we get that this Cr-norm is 0(|t|). This proves that ||-Rt — .Ro|| = 
+ / 1®**^ ~ 1|)- By Bie dominated convergence theorem, the integral tends to 0 when 
t —^ 0, and this proves the continuity of Rt- 

Moreover, when h is integrable, then J — 1| ^ |t| J \h\. □ 


3.3 The classical method: central limit theorem case 


In this section, we recall classical results on the central limit theorem, obtained in the 
uniform case by perturbing the transfer operator. For bounded h, the method dates back 
to |[Nag57|| , and is developed in [[RE83|| and ||GH88|| . The result we prove here is slightly 


more complicated to obtain, since the function h we will consider is generally unbounded, 
so that the perturbation of the transfer operator is not analytic, and we can not use an a 
priori expansion of the eigenvalue. In view of applications, we give the result for Markov 
maps with the bounded tower big image property. 


Theorem 3.7. Let {Z,B,T,m,6) be a Markov map, preserving a finite ergodic measure 
m. Assume that loggm is t-H older for some r <1, and that T has the bounded tower big 
image property. 

Let h : Z ^ C with J2des^[^Brh{d) < oo and h G L"^, with Jhdm = 0. Assume 
that, restricted to the set of points that do not return to the basis of the tower at the next 
iteration, h is bounded and uniformly r-Holder. 
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Denote by R the transfer operator associated to T (acting on Cr), and Rtif = 

Then, for small t, Rt has an eigenvalue \{t), close to 1, satisfying\{t) = 1 — 

Write a = {I — R)~^{Rh) (where we consider I — R acting on the space of functions of 
Cr with 0 average, on which it is invertible) and u = {I — R)~^{h), then 


a 


2 


dm + 2 


ah dm 


R(u?) — {RuY dm. 


Moreover, = 0 if and only if there exists a function E Cr with h = fj oT — f). 

Note that Lemma |3~^ ensures that Rh G Cri which implies that it makes sense to consider 
a = {I—R)~^{Rh), since I—R is invertible on the fnnctions of Cr of zero integral, according 
to Corollary ^73| . However, u = {I — R)~^(h) is a priori not defined, since h 0 Cr- In fact, 
we simply set n = h + a, and indeed (/ — R)u = h — Rh + (/ — R)a = h. 

Proof. We can replace m by m/m{Z) and assnme that m is a probability measnre (the 
greater generality in the statement of the theorem will be nsefnl in the applications). 

Corollary 1^ gives that i? = T is continnons on Cr, and 1 is a simple isolated eigenvalne. 
According to Corollary t ^ Rt is continnons at 0. As simple isolated eigenvalnes 
depend continnously on the operator, Rt has a nniqne eigenvalne \{t) close to 1 for t 
small. Write Rt for the corresponding spectral projection, and ft for the eigenfnnction 
(with f ft = 1). 

Since eigenvalnes and eigenfnnctions depend holomorphically on operators (Lipschitz 
would be enough), \\ft — 1|| = 0{\\Rt — i?||) = 0(|t|) using Corollary ^(6| . In the same 
way, A(t) = 1 + 0{t). 

Note for future use that 


E(e**^) = 1 - 


h^ dm + o{t^ 


( 10 ) 


Indeed, if we consider $(f) = £'(e**^) as the characteristic function of the random variable 
h, it is classical that if h G then $ is with <h(0) = 1, <h'(0) = E{h) and <h"(0) = 
E{h?) — E{hY ( |[fel66| . Corollary to Lemma XV.4.2]). 

As X(t)ft = Rtft, we get after integration that 


A(t) = / Rtft = {Rt- R){ft -l)+ {Rt- R){1) + / Rft 


= /(/?,- fl)(6 - 1) + E(e“'‘ - 1) + 1. 


( 11 ) 


As Rt — R = o{l) and — 1 = 0(t), we get that A(t) = 1 + o{t) (using Equation (|T0|) to 
estimate E(e®*^ ~ !))• 
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Thus, 


6-eo A(t)6 


+ o(l) =-:-+ o(l) 


t " ' t 

= (Rt - Ro)^^^ + Ro^^^ 


Rf — Rq * \ 

+ \ ^0 + 0(1)- 


But {Rt — i?o)(^o) = — 1). Moreover, is bounded and Rt — Rq tends to 0, 

whence {Rt — = o(l)- Thus, 


{I-R) 


6-^0 

t 



+ 0 ( 1 ). 


The sequence {^t — ^o)/t is bounded in Cr- By compactness, we can extract a subsequence 
converging in to a function ia, which will still be in Cr (we have multiplied by i for 


convenience). In 


"-1 


ih by the dominated convergence theorem (as 


"-1 




|hp integrable), which implies that {I — R)a = R{h). Moreover, according to Lemma |T^ , 
Rh G Cr- We also have J Rh = J h = 0. As I — R is invertible on the set of functions in 
Cr with zero integral, we get a = {I — R)~^{Rh). Thus, {^t — ^o)/t has a unique cluster 
value, whence it converges (in L^) to ia = i{I — R)~^{Rh). 

By continuity of the product x ^ L^, we obtain the convergence of J 
J {ih) ■ {ia). Thus, 

j(R,-Rm-i) = yfl((e“-l)(f,-l)) = j fta + o((=). 

Equation (pTl) then gives that 

A(f) = 1 + E(+*" - 1) + j{Rt-R){^t-l) = l-^^ j + 


We transform this result a little to obtain the other claimed expression for X{t). Recall 
that h = u — Ru and a = u — h. 


Aj(^o = + 2 ah = / + 2{u — h)h = {u — Ru^ + / 2Ru ■ {u — Ru) 


= {u + Ru){u — Ru) = u^ — {Ru)‘^ = / R{u^) — {RuY 


We have R{uY{x) = Y.Ty=x9m{y)u^{y) and {Ru)‘^{x) = (^Ty=x 9 m{y)u{y)'^ . Moreover, 
YliTy=x9m{y) = 1 since R1 = 1. The convexity of tc i—*• then gives that {Ru)‘^{x) ^ 
R{u‘^){x), which implies that —A" ^ 0. We can thus write X" = —o^. 

Finally, if = 0, then there is equality in the convexity inequality, whence all the u{y) are 
equal (since gm is everywhere nonzero as log^fm is dehned everywhere). Writing Y = Ru 
(with -0 G /Ir since Ru = Ra + Rh) we get m = 0oT. As h = u — Ru, this gives 
h = Y o T — Y- □ 
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3.4 The classical method: stable laws case 


The following theorem has essentially been proved by Aaronson and Denker in ||AD01 


Theorem 3.8. Let {Z, B, T, m, 5) be a Markov map preserving the finite ergodic measure 
m. Assume that \oggm is r-Holder for some r < 1 and that T has the bounded tower big 
image property. 

Let p G (0,1) U (1, 2) and h be a function on Z with ^[d]Drh{d) < oo, such that, on 
the elements of the partition not returning to the basis of the tower at the next iteration, h 
is bounded and uniformly Holder. Moreover, assume that m[h > x] = (ci + o{l))x~^L{x) 
and m[h < —x] = (c 2 + o(l))x“^L(x) for constants ci,C 2 ^ 0 with ci + C 2 > 0, and a 
slowly varying function L. Finally, assume J h = 0 if p > 1. 

Let R be the transfer operator associated to T, acting on Lt, and Rtf’ = R^e^^^fi). Then, 
for small enough t, Rt has a unigue eigenvalue close to 1, and this eigenvalue satisfies 


Mt) = 1 - ^|(|'’i(l/|«|) + i^|(|!>L(l/|(|);3sgn(() tan (ff) + o(|trL(l/|(|)) 


for constants c = (ci + C 2 )r(l — p) cos (^). 


Proof. Replacing m by m/m{Z), we can assume that m is a probability measure. 


This theorem is essentially Theorem 5.1 in ||AD01|l i with some differences in the hypothe¬ 
ses: we use the bounded tower big image property, whence their proof has to be slightly 
modihed, as we explain now. 


Corollary |3.3| gives that 1 is a simple eigenvalue of R acting continuously on Cr- Corollary 
pT| ensures that t Rt is continuous at 0, which implies that Rt also has a simple isolated 
eigenvalue X{t) close to 1. The proof of Theorem 5.1 in ||ADU1|| applies then literally if 
we can prove that, for p > 1, the eigenfunction ^t of Rt (normalized to have integral 1) 
satishes ||.^t — 1|| = 0(|f|). 


As ft is an eigenfunction of Rt and eigenfunctions depend holomorphically on operators, 
||.^t — 1|| = 0{\\Rt — R\\). Corollary gives that this is a 0{\t\), which concludes the 
proof. □ 


An analogous theorem for p 


2 and h ^ Lf may be proved using ||AD98 


4 Proof of the main theorems 

In this section, we will prove Theorems o and using the results of Sections || and 
{X, B, T, m, a) will be a probability preserving topologically mixing Markov map, such 
that the induced map on T C X has the big image property and Holder distortion. The 
function ip = ipy will denote the hrst return time from Y to itself. 
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Note first that, since T is topologically mixing, Ty is topologically transitive. Theorem 
4.6.3 in ||Aar97|| implies that Ty is ergodic, whence T is also ergodic. 


4.1 Construction of an extension 

In order to change variables between {x \ (p{x) > i} and its image by T*, we have to 
construct an extension of the system since it is possible that two different points in Y are 
sent on the same image in X before they return to Y. 

We use a tower extension, sometimes called a Kakutani tower (the towers in Section 
^ will actually correspond to making a hnite height cutoff of the Kakutani tower). It 
is built as follows: we set X' = {{x,i) | a; G K, 0 ^ i < (p{x)}. Y is identihed with 
Y' := {(a:, 0) | a: G K} C X' . The space X' is endowed with a measure m', equal to m on 
Y' and then lifted in the tower, i.e. ii A (ZY and (p > i on 4, then m'{A x {i}) = m{A). 

We define T' on X' by T'(x, i) = (x, i + 1) if i < (p(x) — 1, and 0) otherwise. We 

have a projection vr : W' —> X defined by 7r(x, i) = T*x (which is not necessarily injective). 
The following diagram is then commutative, and all applications are measure preserving: 


T' 

X'^^X' 


x^^x 


All this is classical material, but I have not been able to locate a satisfying reference 
in the literature. Thus, we give for completeness a proof of the fact that the map vr is 
measure-preserving. 

Proposition 4.1. VX C X, we have m'{Ti~^K) = m{K). 

Proof. Let Aq = K — Y,Bo = Kr\Y. We define inductively A^ = T~^{Ak_i) — Y and 
Bk = T~^{Ak_i) n Y: the points of A^ have not been treated up to time /c, while the 
points in B^ are treated at time k. Then we have = {{x,i) | * G N,x G Bi}. 

Thus, m'{7r~^K) = ^m(i?fc). 

As m{K) = m(Ao) -|- m^Bo) and, by construction, m{Ak-i) = m{T~^Ak_i) = m{Aif) -|- 
m{Bk), we get that for any n, m{K) = m{Bo) m{Bn) + m{An). To conclude, we 

just have to show that m{An) 0 when n —> oo. 

Let = {x I Vz ^ n,T^x ^ Y}. Then An C Cn- Moreover, Cn is decreasing. Let 
C = f]Cn. It suffices to show that m(C') = 0, since this will prove that m{Cn) —>■ 0. As 
C C T~^C and T is measure preserving, C = T~^C mod 0. By ergodicity of T, m{C) = 0 
or 1. As C n K = 0 and m(Y) > 0, we obtain m(C') = 0. □ 

If X is a function on X, we define x' oii x' = X ° Then y' dm' = JxX 
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To construct a partition on X', we consider first the partition 5 on T for which the induced 
map Ty is Markov. Then, we lift it in the tower, i.e. the partition at height i is the same 
as the partition of the projection of this floor on the basis. Then T' is Markov for this 
new partition a'. Note that the partition for the induced map Ty, is then simply the 
restriction of the partition a' to the basis of the tower. 

Moreover, the inverse of the Jacobian of Ty, is the same as the inverse of the Jacobian of 
Ty, whence it is locally ^-Holder (note that the separation times are the same in Y and 
in Y'). 

Finally, T' is still topologically mixing: if a G <5, then one of its iterates T’^a contains an 
element h oi a. If c G h, it is contained in some d G a, and there exists N such that 
Vp ^ N, d C TP{T'^a). This proves that \/p ^ n + N, c C (a). This easily implies 
topological mixing for T'. 

In fact, all the hypotheses on {X, T, /, fy) are carried over to (X', T', /', /y). If we prove 
the central limit theorem or the convergence to a stable law on X', this will give the same 
result on X since {Snf)' = S'„(/'). Thus, it is sufficient to prove the result for X'. 

From this point on, we will thus work in a tower. It is Markov, and the returns to the 
basis have a big image (but are not necessarily surjective). We will first prove Theorem 
FTI on the Central Limit Theorem, and we will indicate in a last section the modihcations 
to be done for Theorem (the stable case). 


4.2 Local result 

The hypotheses of the main theorems are tailor-made so that induction on the basis Y 
of the tower has good properties. However, we will have to induce on larger parts of the 
space. In this section, we describe properties of the induced maps on bounded parts of 
the tower. In this section, the hypotheses will be those of Theorem O- 


4.2.1 The space 


Let q ^ 1. We write Z = Zq for the union of the hrst q floors of the Kakutani tower from 
Section We will induce on Z. We will write 5 for the partition on Z for which the 
induced map Tz is Markov - this is in fact simply the restriction of the original partition 
a to Z, because of the particular combinatorics of the tower. For k < q, we will also 
denote by A^, the floor of the tower. Note that the hypotheses guarantee that the 
function / is bounded and Holder on Z. 


If s is the separation time with respect to the basis Y of the tower, and t is the separation 
time for Tz, then an iteration of Ty corresponds to at most q iterations of Tz, which 
implies that t{x,y) ^ qs{x,y). Thus, if xjj satisfies \^p{x) — ^p{y)\ ^ C9d^’'^\ it will satisfy 
|'^(a;) — i/j{y)\ ^ for r = 
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We write gmz = dm^oT^ • e Z, ifz < (p{x)-l then g^z^x) = 1, and if? = (p{x)-l 

then gmz{Xji) = gmyi^j^) (the inverse of the Jacobian of Ty with respect to my). As 
log gray is locally 6'-H51der (for the separation time s), we obtain that log gmz is locally 
r-Holder (for the separation time t). 


Since T is ergodic, so is Tz ( ||Aar97| , Proposition 1.5.2]). Moreover, Tz has the bounded 
tower big image property. Thus, the transfer operator Tz acts continuously on Cr{Z) 
according to Corollary p73|, and has a simple isolated eigenvalue at 1. 


4.2.2 First return transfer operators 


Following |^ar02|| , we define operators Rn and Tn- Rn is a first return transfer operator, 
i.e. it sees only the first returns to Z at time n, while Tn sees all returns at time n. 
They are dehned by Rnip = lzT"'(l{^^=„}'0) (where (fz is the hrst return time from 
Z to itself) and Tn‘ip = lzT'^{l-z'>P)- They can also be written in the following way: if 
X G Z, then Rnijj^x) = 9m\y)'i/^iy) where the sum is over all points y in Z such that 

Ty,. ■ ■ 1 T'^~^y ^ Z and T'^y = x, while T^-ipix) = ^ gm\y)4’{y) where the sum is over all 
points y E Z with T'^y = x. 


It y E Z with T”?/ = x, we can consider all its iterates between 0 and n that fall into Z. 
To go from one of these iterates to the following corresponds to iterating one of the RkS. 
Thus, we get T„ = X]a:i+ +ki=n^ki ■ ■ ■ Rkd this is the renewal equation, which will make 
it possible to understand the if the Rn are well understood. 


Lemma 4.2. The operators Rn and Tn act continuously on Cr{Z), and ||.Rn||£^(^) 
0{m[(pz = n]) (where (pz is the return time from Z to itself). 


Proof. As Tz acts continuously on Cy and Rifj = Tz{l{^z=i}'^)^ operator Ri is 
continuous. 

For n ^ 2, we estimate ||i?n|| using the notations of Section ^T] (applied to Z and Tz)'. 

Rn= 

<i=[do]z,<io=[ao,...,a.„-i,Z] 


For n ^ 2, the cylinders appearing in Rn correspond to points coming back to Z in n 
steps: they get out of the tower Z through the top, spend n — 1 iterates in the higher floors 
of the Kakutani tower, and then get back to the basis of the tower, with a big image. 
Thus, we can forget the terms m[TzdQ] for these cylinders in the estimates of Lemma |3.2| , 
and we get ||i?n|| ^ + t)Y) fn[do\ = + T)m[(fz = n]. 

The Rn are continuous and Tn = X]fci+ +ki=n whence Tn is also continuous. □ 


Lemma 4.3. For z E B), write R{z) = YlRnZ^- Then R{1) acting on Cr{Z) has a 
simple isolated eigenvalue equal to 1, and the corresponding spectral projection is given by 
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Moreover, for z ^ 1, / — Ri^z') is invertible. 

Note that, since ||-Rn|| = 0{m[ipz = n]) is summable by Kac’s Formula, the series R{z) is 
converging for all z E'D. 


Proof. Let z G ©. We will show a Doeblin-Fortet inequality for RlzY when s ^ q. Let 
Y G Cr{Z). Then 

R{zy = 

d=[do,...,ds-i]z 


where l{d) is the sum of the lengths of the diS seen as cylinders in X. In particu¬ 
lar, /(d) ^ s, whence ^ On the basis, summing the inequalities given by 

Lemma p.2| (and using the big image property for the returns to the basis), we obtain 
that \\{R{zyij)\Ao\\c^ < B\z\" {r" \\y\\c, + / \y\)- 


On Afc the set of points at height k, R{zyy{x) = z^R{zy ^y{x') where x' is the point 


corresponding to x but in the basis. Thus, 


iRizyy)iAk ’"Mcr + I 


Summing on all the floors, we have proved that 


Vs ^ q,\/y G Cr, \\R{zyy\\^^ ^ ^\z 


T 


+ 


\y\ 


As the injection from Cr to is compact, this is a Doeblin-Fortet inequality, which 
implies that the essential spectral radius of R{z) is ^ t\z\ < \z\. Moreover, this inequality 
also gives that the spectral radius of R{z) is ^ \z\. 

If \z\ < 1, then R{z) has spectral radius ^ \z\ < 1, whence / — R{z) is invertible. 

li z = 1, as i?(l) counts the hrst returns to Z, it is not hard to check that d?(l) = Tz is 
the transfer operator associated to Tz. Hence, Corollary ensures that it has a simple 
isolated eigenvalue at 1. 

If \z\ = 1 but 2; 7^ 1, we have to show that / — R{z) is invertible. We write 2; = e** for 
some 0 < f < 27r. Since the essential spectral radius of R{z) is < 1, it is enough to show 
that 1 is not an eigenvalue of R{z). Suppose on the contrary that R{z)a = a for some 
nonzero a G Cr{Z). 

For E L‘^{mz), write (V’jO = / yidmz. Define the operator W : L°°{mz) —> 
L°°{mz) by Wy = o Tz. As R{z)f = i?(l)(e®*‘^^.^), the operator W satishes 


{y,R{z)i)= yR{z)f= yR{i){y^^^o= yoTzy^^^f= wy-f = {wy,0- 


We show that a is an eigenfunction of W for the eigenvalue 1: 

||hFa — a ||2 = ||hFa ||2 — 2 Re(hFa, a) + ||a ||2 = ||hFa ||2 — 2 Re(a, R{z)a) + ||a ||2 
= ||hFa ||2 — 2Re(a,a) -|- ||a ||2 = ||hFa ||2 — ||a|| 2 - 
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As Tz preserves the measure mz, we have ||iya ||2 = / \a\‘^oTz = J |ap = ||a|| 2 , which gives 
\\Wa — a ||2 = 0. Hence, the function Wa — a is zero m^-almost everywhere. As a & Cr 
and mz is nonzero on every cylinder, the function a is continuous, whence Wa — a = 0 
everywhere, i.e. oTz = a. 


Let b be the restriction of a to the basis Y of the tower. Then the previous equality implies 
that o Ty = b. Taking the modulus, ergodicity of Ty gives that |6| is constant 

almost everywhere, hence everywhere by continuity. As 6 ^ 0, this constant is nonzero, 
and we get = b/boTz- We can apply Theorem 3.1. in ||AD01|| since Ty has the big 

image property (this is not the case for Tz, which is why we have to restrict a to the basis 
of the tower). Writing (3 for the induced partition on the basis, this theorem gives that b 
is /9*-measurable, where /3* is the smallest partition such that Wd G {3, Tyd is contained 
in an atom of P*. In particular, b is constant on each set of p. 


Let d ^ p. On [d], b is equal to a constant c. As T is topologically mixing, there exists 
N such that, Vn ^ N, [d] C T^[d]. Let n ^ N, and x G [d] be such that T^x G [d]. Let 
T^^x, T^^x ,..., T^px be the successive returns of x to Y, with kp = n. Then T'^x = TyX 
and n = Y^k^oTviT-^x). Thus, 


„-itn _ Q-itYikJoV‘Y{Tfx) _ bjTyx) 

b{Tyx) b{T^x) 


b{Tl^-^x) _ b{x) _ c 
blTyx) b{T^x) c 


This is true for any n ^ N. Taking for example n = N and iV + 1 and quotienting, we 
obtain e** = 1, which is a contradiction and concludes the proof. □ 

Lemma 4.4. Writing R'{i.) = P spectral projection associated to 

the eigenvalue 1 of R{1), we have PR'{1)P = jaP for fv = > 0. 


Proof. Since Pf = / dm, we have PRnP = whence 


PP'{l)P 




1 

m[Z] 


P 


by Kac’s Formula. □ 

4.2.3 Perturbation of the transfer operators 

Recall that we are in the setting of Theorem |1.1| : / is a function on X such that the 
induced function fy = f ° is Holder and square integrable on Y. 

Recall also that (pz is the hrst return time to our truncated tower Z, and dehne a function 
fz on Z by fzix) = fiT’^x). If x does not go out of the bounded tower Z through 

the top, we have fz{x) = f{x), while otherwise fz{x) is the sum of the fiy) for y above 
X in the tower. Since / G L^{m), we also have fz G L^{mz) and Jz fz = Jx f — 0- This 
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function fz is interesting since we can study the Birkhoff sums of / for T by looking at 
the Birkhoff sums of fz for Tz: if x E Z and T”x G Z, and if k is the number of returns 
of a; to Z between times 0 and n, then = Yl’jZo fz{Tfx). 

We show that fz E Lf{Z) (recall that we are proving the Central Limit Theorem, i.e. we 
assume that fy E Let A = Ag_i be the highest floor of Z, and A its projection on 

the basis. Then fz is bounded on Z — IS.. Moreover, if a: G A and x' is the corresponding 
point in A, then fy^x') = fz{x) + fiT^x'), and the sum is bounded by Q’ll/lzHg^, 
whence fy{x') = fz{x) ± C. As fy^^ is in we obtain also fz\/^ E L"^. 

We now perturb the hrst return transfer operators, setting Rn(t) = and Tn,t = 

■)■ Since the Birkhoff sums of / for T and of fz for Tz are equal, the renewal 
equation still holds for these operators, i.e. Tn,t = +ki=n^ki(t)... Rki(t). This 

equation can also be written as Tn,tz"' = {I — ^ Rn{t)z^)~^■ 

Lemma 4.5. There exist eonstants and eo > 0 such that, Vn ^ l,Vt G [—eo,^o]; 
||.Rn(^)|| ^rn, and satisfying < oo. 

Moreover, for every n ^ 1, the map t Rnif) is continuous at t = 0. 


Proof. Let n ^ 2. We have = Yj^dif) where the sum is over all d = [do\z with 

do = [oo,..., ttn-i, Z] (we use here the operators Md(t) introduced in (H), for the function 
h = fz). The returns to Z do not take place at the hrst iteration, so they have to be 
returns to the basis, whence they have a big image. Summing the estimates given by 
Lemma p.5|, we obtain 


wnc,«+ B\ Y. + j 


l^tfz _ ^1 


^ Cm[ipz = n]+ B ^ m[d]Drfzid) + 2Bm[ipz = n] =: r^. 


We know that = n] = m{X) < cxo, by Kac’s formula. Thus, to show that 

Y^nVn < oo, it is sufficient to prove that Yjd&sTz[d]m[d]DT-fz{d) < oo. Note that this 
inequality holds for fy by assumption. 

Let A be the set of elements of the partition of Z that do not return to the basis of Z 
at the next iteration, and B the set of those that come back to the basis. If d G A, then 
= 1 on d, and /z = / is uniformly r-H51der, whence 

^^(pz[d]m[d]DT-fz{d) ^ C^^m[d] ^ Cm[Z] < oo. 

d&A deA 

Let d E B and x,y E d. Let x' and y' be the points in the basis corresponding to x and 
y, and d' be the corresponding partition element in the basis: x = and y = T^y' for 
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some i < q. Then /r(a;') = ^ f{T^x') + fz{x), and we have the same expression for 

y, whence 


i—1 


\!z(x) - Jz(y)\ < I/k(x') - fY(v')\ + Y. |/(rV) - f(Tiy')\ 

i=o 

^ CDgfY{d')e^^^'’y'^ + ^ {CDefyid') + Dqy^^'y^ 

nsing s{x',y') = s{x,y) ^ t{x,y)/q and r = Since ‘Pz{d) ^ ipyid'), we get 
'^ipz[d]m[d]Drfz{d) ^ '^ipy[d']m[d']{CDefy{d') + Dq) < oo 

deB d' 

by Kac’s formnla and the assnmption on fy. This proves that '^nrn < oo. 

For n = 1, Ri{t) = Rt{l[^^=ip) and Rt depends continnonsly on t at t = 0 according to 


Corollary 

Finally, to prove the continnity of t i—*• Rn{t) at f = 0 for n ^ 2, we snm once again the 
estimates of Lemma |3.5| and we get ||-Rn(^) — ^ B\i\ since the snm ^ m[(i]i7^/2(d) 

is hnite. □ 


4.2.4 The local result 


ensnre 


We will apply the abstract Theorem ^T^to the Rn{t). Lemmas [4.2| , [4.3| , |4.4| and ^ 
that the spectral hypotheses of this theorem are satisfied. 

The only hypothesis that remains to be checked is the behavior of the eigenvalne A(l,f) 
of = 'Y^Bnit) = TzyBz.'^_ As Tz has the bonnded tower big image property and 

fz e Theorem gives A(f) = 1 - + 0 ^). 

If 7 ^ 0, we can nse the abstract resnlt Theorem ^T| for M{t) = R and c = 2 m{z) ’ 
we get: 

Proposition 4.6. Assume cr^ > 0. Then, Vt G M, we have 




iT-’^znz 


Proof. Note that, if t is hxed, t/\/n G [—£ 0 ,^ 0 ] for n large enongh, whence Theorem 
applies. The constant y is eqnal to l/m{Z) according to Lemma |T^ . 

On the one hand, 

j r„,i/^ldm = j dm = j U o T” • dm 

= [ e*‘^"fofo^dm 

JznT-'^z 
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and on the other hand, 

[ Tn,t/v^^ dm = / ( 1 




2fim{Z) n 

using P(l) = Iz, and l/^n = m{Z) whence iim{Z) = 1 


^ -P(l) dm + o(l) = ^ 

J fi fi 


□ 


If = 0, Theorem 2.1 can not be used, but we have nevertheless the following result; 


Proposition 4.7. Assume that = 0. Then f is a coboundary on X, i.e. it is possible 
to write f = X ° T — x for some measurable function x on X. 


Proof. Theorem 0 gives that, if = 0, then fz is a coboundary, i.e. it can be written 
SuS fz = 'f’ oTz — 'if foi' some function on Z. We have to go from fz to /. 

We extend V’ to the whole space X by 'if{x) = 0 ii x ^ Z. Then, writing / = f — fjoT 
we have for x & Z that 

ipz{x)-l 

f{Tx) = fzix) - 'ififTzx) + 'ipi^x) = 0 . 

0 

We then set 5(a;) = — where ipz denotes the hrst return (resp. entry) 

time to Z if a: e Z (resp. x ^ Z). Then, if Tx ^ Z, we have f{x) = 6(Tx) — 6{x), 
while if Tx G Z, then d{Tx) = 0 and 5(a;) = —f{x), whence f{x) = 6{Tx) — S{x). Thus, 
f = 5 o T — 6, whence f = {^f + 6) o T — (ip + 5). □ 


4.3 Proof of the Central Limit Theorem |1.1| 

A priori, the constant a associated to Zq depends on g, and should be written cxq. We 
hrst prove that this is not the case: 

Proposition 4.8. cxq is independent of q. 

Proof. We £x g > 1, and we want to prove that aq = cxi. We will write Z = Zq 
and fz(x) = /(^) (recall that fy is the same map, but on the basis Y and 

with the return time (fy). We will write Up for the return time from Y to itself for 
the map Tz induced by T on Z. Thus, with these notations, we have for x & Y that 
frix) = Y.j<^{x)fziTpx). 

Theorem gives that (t\ = f fy + 2 f afy where a = (I — Ty)~^(Ty fy) and Ty is 
the transfer operator associated to Ty. In the same way, = J /| + 2 / &/z where 

b=(I-fz)-\fzfz). 
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We define a function c on Z by c{x,i) = a{x) + ^ basis of the 

tower and i < (p{x). Then, if -0 is a bounded function on Z, we will check that 

[ c- {'ll) - 'll) oTz) = [ fz ■i’oTz. (12) 

Jz Jz 

Indeed, note that the dehnition of a implies that for a function y on T, Jy ci - {x — X°Ty) = 
lyfY-X^TY. Thus, 

[ c-(,i.-i.oTz)^ [ Y, \a{x)+Yh{nx))(iiTix)-i.(r^*'x)) 


^ i<ip{x) 


j<i 


a{x){il){x)-il){TYx))-r /z(Tia;)(V^(T*a;)-^(T*+'a;)) 

j<i<!p{x) 

fY{x)'iP{TYx) + fz{T^x){'il)m+^x)-'iP{TYx)) 

j<!p{x)-l 

j /z(Tix)^(Tya;)+ /z(T^a;)(^(Ti+M - 


'Y 


'Y 


j<ip{x) 




lY 


lY 


Y, fz{Tix)tl){TYx) + fz{Tf^^-\)i){TYx) 


j<ip{x)-l 


Y !xlTix)i,(T’Yx) = / Sz{x)ii{Tzx). 


j<ip{x) 


Equation (J^ implies that (J — Tz)c = Tzfz- By dehnition of the function b, we also 
have (/ — Tz)b = Tzfz, whence c — 6 is in the kernel of / — Tz, i.e. it is a constant K, 
and c = b + K. 

We now compute af, using J fz = b\ 

2 


crl = f^ + 2fYa = 


'Y 


j ( E ^ E fx(Yzx)a{x) 

\i<(p(x) j i<ip{x) 


j Y fxnx? + ^ Y nlT‘zX)fz(Tix) 

+ 2 E fx(T’zx) [c(rj.i) - E/z(r|i)) 

i<)p(x) \ j<i / 


^ E {^Xhx? + 2 E h(T'zx)c(Tzx) = ^ 


= / fz{xf + 2fz{x)c{x) 


i<tp{x) 


i<ip(x) 


= / fzixf+ 2fz{x){b{x) + K) = / fz{xf+ 2fz{x)b{x) = 
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□ 


Conclusion of the proof of Theorem Let be given by Proposition 

If = 0, then Proposition [4.7| ensures that / can be written as x ° T — x for some 
measurable function y. Hence, Snf /\/n tends to 0 in probability, and the theorem is 
proved. 

Assume now that > 0. Let t G M, we want to prove that —>• Fix 

£ > 0. Let Z = Zq with q large enough so that m{Z) ^ 1 — e. Proposition |4.6| gives N 
such that 'in N 


'T-"Znz 


^ e. 


Moreover, 

^ JtSnfIVn 


^itSnf/Vn 


>x 


iT-^zrz 


^ m{X - {Z nT-'^Z)) 

^ m{X - Z)+ m{X - T-^Z) = 2m{X - Z) ^ 2e. 


Finally, 


,-(72*2/2 _ 


m{Z) e 


2 - 0 - 2 * 2/2 


^ 1 — m{ZY ^ 2e. 


The above three inequalities conclude the proof of Theorem |1.1|. 


□ 


4.4 Proof of Theorem \i.'4 on stable laws 

The proof is almost the same as that of the Central Limit Theorem. We consider only 
the case p G (0,1) U (1, 2), the case p = 2 being analogous using ||AD98|| . For p > 1, we 


can assume without loss of generality that / is centered, i.e. / / = 0. 

We work on Z = Zq, the union of the q hrst floors of the Kakutani tower from Section 
H- Setting fzix) = ^ /(^)) show as in the proof of the central limit theorem 

that '^ipz[d]m[d]Drfz{d) < oo. To apply Theorem |3^ , we have to estimate m[fz > x] 
and m[fz < —x] for large x. 

On the basis, c* is characterized by m[/y > x] = (ci + o{l))x~'^L{x). We will show that 
we also have m[fz > x] = (c* + o{l))x~'‘^L{x). Let A be the highest floor in Z, and A its 
projection on the basis Y. Then fz is bounded on Z — A and fy is bounded on H — A, 
whence it suffices to consider A and A. Let x G A and y = T^~^x its image in A. Then 
fziy) = fvix) + E?=o /(^*^)- As the sum is bounded by C = g ||/|z||^, we get /^(y) = 
/y(x) ± C. Thus, for x large enough, m[/y > x — C] ^ m[fz > x] ^ ’^[/y > x + C]. As 
m[/y > x] = (ci + o(l))x“^L(x), we obtain the same estimate for m[fz > x], using the 
slow variation of L. In the same way, m[fz < —x] = (c 2 + o(l))x“^L(x). 


Using Theorem we obtain that X{t) = 1 — a|t|^L(l/|t|) + ibsgn{t)\t\PL{l/\t\) + 


o{\t\PL{l/\t\)), for a = 


m{Z) 


/^/?tan(f). 
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We use then the remark following Theorem |2.1| , with M{t) = to get 

^ (^1 - c|t|^L(l/|t|) +icf3tan sgn(t)|t|PL(l/|t|)j P ^ e{t) + 5{n). 
If Bn is dehned by = nL{Bn), we have 


since L is slowly varying. Thus, 


T 

-t 7 


n,tfBr, 


^-c|t|P+i!c/3tan(^) sgn(t)|4|Pp 


/i 


Applying this result to the function 1 and integrating, we get 

f ^itSnf/Bn ^^2’)2g-c|t|J’(l-i/3sgn(i)tan(^))^ 

JT-^znz 

the exponential being the characteristic function of the stable law Xp^^p- 

We then let g —> cx) and conclude the proof as for the Central Limit Theorem. □ 
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